We review the current practice in the design of investment products. It turns out that the quality of products can be substantially improved with a relatively small quantitative effort. Recognizing financial products as the ultimate output of our industry this approach puts demands on support infrastructure such as pricing models. This allows for critical review of modelling assumptions and leads to economically meaningful approach to model risk.
Introduction
Products are the most important aspect of any business. Indeed, before consulting any business the very first question you would clarify is what they are actually producing. Products define our businesses, describe our liabilities and generate revenues which pay for our salaries. Products are quite simply the ultimate source of our risks and rewards.
Every time we find ourselves repairing an individual business or even an entire industry, we must review and possibly reinvent practices behind their key products. Looking at financial industry and, in particular, investment banking, we immediately see that such a reinvention is long overdue. Indeed, let us examine the quality of the most basic promise of each and every investment product -the promise to express customer views relative to the market. The following points summarize three types of problems which we regard as most fundamental.
View differentiation
Consider two investors with views similar in direction but very different in strength. Lets say, one investor believes that the skew should be 90% of the market-implied while the other thinks it should be 10%. The difference in views is significant but, because both investors agree on the general direction, currently they would be offered the same set of products.
View integration
Consider an investor with a view on both the volatility and the skew. Say he believes that the skew should be 50% as steep as the market-implied and the volatility will realize 5 vol points below the current market expectation. How should investor allocate his money? Should he put most of it on the volatility or on the skew? Are we even sure that the above opinion is better expressed with two separate trades (one on the vol and the other on the skew), or is there a structured product which is better optimized to express the combined view? Structurers are currently not equipped to tackle these type of questions.
The above two problems are already pretty bad. We cannot differentiate or combine customer views! An equivalent situation in mathematics or science would be like having a number theory which does not tell us how to add numbers or a physical theory which cannot capture the relative strength of forces. You might think that it cannot get any worse. The following observation says that it actually does.
View extrapolation
Investment products often extrapolate customer views beyond their original research context. Even if the expressed view makes sense in a limited region (e.g. near ATM), the extrapolated view often has no bounds. Indeed, quite a few of investment products (including standardized derivatives) offer theoretically unlimited gains or can lead to theoretically unlimited losses -all mostly in the circumstances which are very difficult to research (no market information, low-probability scenarios, etc.). Such extrapolation of views leads to systemic accumulation of completely unnecessary risks which are often in the tails.
It is astonishing for how long the financial industry has managed to ignore the above issues. Whatever happens to us as an industry, one thing is clear -we cannot continue to provide ad-hoc extrapolations of poorly fit views and claim as honest experts that this constitutes the best possible service to our clients. We need to start building better products and for that we need better technologies that go beyond standardization and reinforcement of some existing practices.
We need to address all of the above three issues. Such a demanding goal needs a solution with a pretty fundamental character -it should capture the logic of how investment research leads to financial products. At the same time the solution needs to be practical. It should be intuitive and viable -easy to implement and use.
In [1] we started to build a framework which is capable of delivering on all of the above points. In this paper we proceed by providing a number of illustrative examples. All of the examples are based on the connection between two fundamental concepts -optimal payoffs and likelihood functions. The two concepts provide a direct link between investment design and learning (see [1] and [2] for details). In the special case of a growth-optimizing investor, i.e. investor which seeks maximum expected rate of return, the two concepts coincide. Mathematically, this means that for the investment research regarding an unknown quantity, x, the role of a prior distribution is played by the market-implied, m(x), the posterior distribution coincides with the investor-believed, b(x), and the growth-optimal derivative structure, f (x), can be computed as the ratio
In this paper we maintain the focus around this special case of a growth-optimizing investor. The case of a general investor is considered in [2] . The rest of the paper is organized as follows. We start by looking at a series of examples starting from simple vanilla structures and gradually move on to path-dependent exotics. Initially we focus on clarifying our structuring techniques. We then review the examples showing how the problems of view differentiation, integration and extrapolation are resolved. Discussions on view extrapolation and on the role of pricing models bring us to a much wider topic on safety of financial products where we look at model risk and model design. 
Spot and Volatility trades
We start with the simplest pair of examples by considering an investor which has a view on either the future value of an index or its future realized volatility. For such cases we demand that our arguments should be more than just clear and simple, they should be back-of-an-envelope compatible. Figures 1.A-B illustrate this point. A view that the future value of the index should be higher than suggested by the market corresponds to a believed distribution which is biased towards higher values of the index (as illustrated by Figure 1 .A). The growth-optimal payoff (1) can be easily sketched just by looking at the market-implied and investor-believed distributions. In the small enough near-ATM region this is easily recognizable as the profile of a forward contract. Similarly, a belief that the future realized volatility should be greater than the market-implied corresponds to a believed distribution which is wider but not as tall as the market-implied distribution (see Figure 1 .B). Again we can sketch the growth-optimal profile and see that it works pretty much the same way as the textbook vanilla combinations -straddles and strangles. These classical vanilla combinations can be considered as crude approximations of the growth-optimal payoff.
Skew trades
Moving on to more complex examples, let us see how we could help investors with views on the skew. For a simple analytically tractable illustration recall the definition of a skewnormal distribution [3] . Let φ() denote the probability density for the standard normal Note: Actual market and two possible investor views on the 6 months skew of STOXX50E as of 15/Dec/2011 displayed in terms of implied volatilities ( Figure A) and then in terms of probability densities ( Figure B ). The resulting growth-optimal payoffs are displayed on Figure C . For the sake of clarity, the effects of discounting and market-makers' commissions are deliberately removed. In this case f = 1 corresponds to the break-even points when the investment capital is returned intact.
variable and Φ() denote the corresponding cumulative distribution function:
The probability density for a skew-normal random variable is then given by
where ξ is a parameter which controls the skew. The skewness (the third standardized moment) of this distribution is limited to the range between -1 and 1, so we should not expect much flexibility from the above analytical formulae. Nevertheless, this is a well established example of introducing skew into the normal distribution so we should know what it does in the context of our theory. To this end we imagine a market which implies a normal distribution, m(x) = SN(x, 0), for some variable x and an investor which believes that the market should really be skewed and associates a skew-normal distribution, b(x) = SN(x, ξ), for the same market variable. For the growth-optimal payoff we compute
We immediately recognize the profile of cumulative distribution function (see Figure 1 .C) which contains classic skew product -the digital -as a limiting case. This is probably the simplest way of seeing the digital as a skew-sensitive product. Indeed, given our basic equation (1) and the definition of a skew-normal distribution, we do not even need calculus.
Numerical investigations based on real market data are just as easy to obtain. On Looking at the growth-optimal profile we immediately recognize it as a smooth solution which blends two most popular ideas in skew trading -risk reversals and digitals. We also see that skew has something to do with the third moment of the underlying variable. We see that our solution incorporates all of the relevant classic intuition while working with real numerical data.
Path-dependent exotics
The examples considered so far might give an impression that our framework is limited to the case of vanilla combinations. The framework is in fact a lot more general than that. It has the ability to produce investment structures even with early exercise and pathdependent features. This is because we have a lot of freedom to choose the underlying variable, x. In order to demonstrate this flexibility we proceed by giving a couple of additional examples. In the first example we further develop the skew trading theme and consider an investor which requires more elaborate solutions than we considered so far.
In the second example we learn how to build indices which is currently one of the most popular directions in product innovation.
Skew exotics
It often happens that, before we can even get to the design of products, we need to help our investors to clarify their views. Even the choice of the underlying variable on which client views are being expressed may need clarification. For instance, in the above examples of skew trading we chose x to be the future value of some equity index. This is not the only possible choice. Nothing stops us from considering, for instance, third moment estimators from time-series of the index and see what products we would get by using these path-dependent variables as definitions of x. The choice of x is very important and it remains the job of a structurer to determine what view the client is actually trying to express.
For a specific and a rather typical example, let us consider a client which (i) is an expert in a certain equity, (ii) wants to express an opinion on the skew of that equity but (iii) does not want to have significant delta exposure to the equity spot at any point during the life of the trade. It is clear that no product which can be represented by a combination of vanillas would satisfy the client. Such products would be rejected on the account of large equity delta. It follows that the only hope to meet the needs of the client lies with path-dependent products.
Mathematically, this means that we need to consider variables which depend on the entire sequence S t:T of equity fixings between the start, t, and the end, T , of the investment period. The particular choice of x very much depends on further discussions with the client. For instance, if the client's view on the skew really comes from a much more detailed view on the dynamics of the equity, then all we might need to do is to define x = S t:T and then just work with the general distributions m(S t:T ) and b(S t:T ). At the first glance, this might appear as a very theoretical idea. In the actual fact this kind of approach can lead to remarkably simple and practical constructions. Below, in the section on index design, we demonstrate exactly this kind of approach. For now we imagine that our hypothetical client did not express any strong views on the underlying dynamics and left it to us to suggest a reasonable path-dependent variable, x = x(S t:T ).
In search for a new skew-sensitive variable we come back to the skew product which we designed for Investor 1 (red profile on Figure 2 .C). The investor does not like delta exposure, so we decide to hedge it away. We know that, assuming locally-lognormal dynamics for the underlying, S t , the residual exposure of a delta-hedged European product can be approximated by the expression
where Γ $ is the (half) Black-Scholes dollar gamma of the product, σ 2 i ∆t i is the actual realized variance for the ith hedging interval and K is the volatility value used for Black-Scholes hedging. More accurate expressions can be used, but we are not going to consider them here -for now all we really need is an educated guess.
Hedging changes the original product and it is not really obvious what effect it has on the expected rate of return. This means that we may not be able to market formulae like Eq. (5) as growth-optimal products. We can however use Eq. (5) as a sensible definition of the new underlying variable x := P &L. The definition of x should be cleaned up to the point that it can be specified on a termsheet. As we do not aim at promoting any particular product we are not going to do it here. It would suffice to note that there should be no doubt that functions as nice as the ones plotted on Figure 2 .C can be very easily approximated by profiles that are analytically tractable in simple models such as Black-Scholes -and that is all we need to use (5) .
Having defined the variable we can now look at the market-implied m(x), investor-believed b(x) and structure the growth-optimal payoff f (x) = b(x)/m(x). Apart from very special circumstances, it is unlikely that there would be much of an option market on the bespoke underlying x. This means that m(x) would have to be generated from a model that is calibrated to the relevant underlying market. Likewise b(x) would come from a model calibrated to the market believed by the investor.
We return to the subject of modeling in product design in subsequent sections, for now let us see how the above discussion relates to already established structuring ideas on skew. Let us have another look at the red-line profile on Figure 2 .C. Imagine that, for the purpose of guessing a good definition of x, the structurer made three simplifying assumptions. First, he decided to approximate the profile with a cubic polynomial, second, he decided to replace Eq. (5) with an analogous equation based on a locally-normal (Bachelier) dynamics and, third, he decided to analyze the hedging at zero volatility level, K = 0. With these assumptions dollar-gamma becomes ordinary gamma which in turn reduces to a second derivative of the profile itself. With a cubic profile, second derivative leaves only two terms (linear and a constant) and the structurer derives
where we can show that for the red profile on Figure 2 .C, both α and β are positive. This is of course the classic long-gamma short-variance swap strategy [4] which, by the way, does not quite achieve the delta-neutral exposure.
Technically, the structurer is not supposed to use the naked definition of x as a finished product. Remember, he was just searching for a reasonable definition of x. However, if the structurer becomes really convinced that he found an absolutely perfect variable, then he would see no further gain in considering functions of x. Indeed, if x already solved the optimization problem faced by the client, then the optimal product, f (x), would be just the identity f (x) = x. Once again we see that a classical investment structure appears within our framework as a result of understandable but rather crude decisions of the structurer with a lot of room for improvement.
Index design
Proprietary indices are one of the few areas of innovation which has seen some growth despite all of the negative sentiment on today's crisis-ridden markets. Such indices continue to provide access to clever investment strategies in a relatively safe way. Investors can pull out or change participation in such strategies almost instantaneously. In this sense, indices can be viewed as the simplest kind of products with early exercise features. In this section we take a brief look on how we can help investors with views on the dynamics of the underlying market variable. We end up deriving a proprietary index structure which appears to contain both classic and modern ideas on trading strategies and is very open to almost any kind of adjustment or generalization.
Consider a variable which is defined as a sequence, x 1:n , of daily returns of some listed index S:
We suppose that the market-implied dynamics for the index can be written in a familiar form of a locally log-normal process
where r i and σ i are some empirical functions of whatever variables that we might find useful. Imagine now an investor which agrees with the market on everything except the drift, r i . Such an investor would disagree with the above equation and would instead write
where µ i is the investor's estimate of the drift. Equations (8) and (9) can be rewritten as the market-implied and investor-believed probability distributions
For the growth-optimal payoff we compute
Recalling the definition x i = ∆S i /S i , we obtain by direct calculation
In order to get a more practical formula for the index f i we note that, starting with equations (8) and (9), all our calculations are done to the first order in ∆t i . Expanding the above equation and keeping the terms to the first order in ∆t i (remember to replace
This leads us to a definition of an index I i with the following structure
This structure has three easily recognizable parts. Reading back-to-front from Eq. (14), we see that this is (1) an excess return index which is (2) vol-targeted on a (3) investorexpected Sharpe ratio. The importance of quantities such as Sharpe ratio for index design needs no explanation. As for vol-targeting and excess return -these are two of the most popular techniques which are currently used in index designs. On the theoretical side, we note that the general form of our result, namely the combination of quantities growth rate volatility 2 · risky return (15) is very similar to the leverage factor in Merton portfolio theory. The original Merton's derivations use methods of stochastic control theory -quite complicated, difficult to generalize and not very popular techniques among actual practitioners. By contrast, we arrive at a similar kind of investment advice using basic mathematics. Moreover it is pretty obvious that the above calculations can be easily generalized. We can consider investors which have a view on volatility structure or both the volatility and the drift. We can also consider different distributions for returns (not necessarily normal). The calculations are so simple that virtually nothing can stop us from carrying them out in pretty much the same way as we did above.
It is worth mentioning that in the above example we did not pursue any ambitious goalswe simply looked for most obvious examples of using our framework. The concentration of ideas that comes out of such a simple example is encouraging: derivation of key techniques of index design or building practical alternatives for Merton portfolio theory are interesting in their own right.
Differentiating and combining views
Let us now revisit the challenges which motivated our investigation. Following the same order as we set in the introduction, we first look at the problem of view differentiation.
The back-of-an-envelope sketching illustrated above is already powerful enough to see that the structure of our products responds to the strength of the view. Same, of course, is true for all of our examples: very weak views lead to bond-like structures (no dependence on the underlying) and the stronger the view the more leveraged is the payoff.
We also see that this leveraging effect in response to stronger views is really a combined effect across all aspects of the views. Spot, volatility, skew or anything else -equation (1) captures the net effect of all aspects of investor's views in an easily understandable holistic way. This addresses the second issue which we mentioned in the introduction -the problem of view integration is resolved. All we have to do in practice is to make sure that investor-believed distribution incorporates all aspects of investor's view -skew, smile, etc.
6 The origins of safety
View extrapolation
Avoid unnecessary risks -this has to be the single most basic principle of any safety framework. If a client wishes to express a particular view on the market he should get a product which expresses this exact view and have no further exposures.
To see how this is achieved let us once again return to the skew trading example of Investor 1 on Figure 2 . In this example client's view on the skew was expressed by tilting the entire volatility curve. We considered this "global" view to show how we can arrive at classic skew strategies. A more prudent investor would know the limits of his research and would not want to extrapolate his view beyond these limits. Consider Investor 2 which agrees with Investor 1 that the market is mispricing near-at-the-money options but he does not really have any reasons to question the market in the wings. Investor's 2 view is given by the blue line on Figure 2 .A. Investor 2 agrees with Investor 1 near ATM while reverting to the market on the the asymptotics of implied volatility in the wings. In terms of payoff, we see that Investor's 2 capital is protected in the wings and the risk is re-allocated near ATM (Figure 2 .C.). It turns out that this re-allocation of risk can be easily controlled (perfectly eliminated if necessary). We show how to do this in [2] where we develop the techniques of risk aversion. For now let us conclude with a simple observation that by not challenging the market on un-researched scenarios (represented by wings in this example) we automatically ensure the safety of the investment capital in these scenarios.
Model risk
The connection between product design and modelling is not often acknowledged; but try to market a skew or a volatility product without mentioning neither skew nor volatility and it becomes obvious. The connection is shrouded in assumptions and the challenge is to make these assumptions clear and consistent. This is exactly what our approach allows us to do. Indeed, we already use models to manage structured products. Using same models for justifying the products simply makes the existing assumptions consistent.
We begin to see model risk in a different light -it appears to be relevant to derivatives businesses in the most immediate way -at product inception. In the following example we show how one can use quantitative structuring to quantify and control model risk.
As an illustration, imagine some experimental exotic model. All we need to know about the model is that it is quite complicated so for the vanilla options in the set of calibration instruments we can afford only a few strikes per maturity. The calibration matches the prices of these targets perfectly. The obvious question is how much error the model introduces in-between the target strikes and in the wings.
In previous examples we used models to capture clients views. So imagine now that you believe in the complicated model so much that you are prepared to use it for investments.
The more lucrative such investments are the more model risk we have. You calibrate the model and use it to produce the believed probabilities b i for the underlying for a given maturity. You also compute market-implied probabilities m i directly from all quoted vanillas and derive the growth-optimal payoff f i = Nb i /m i , where N is the normalization factor which we have been ignoring so far. The normalization factor comes up when we define m i from actual market prices(see Appendix in [1] ). It includes the effects of both discounting as well as market makers' commission. We know that in a sufficiently general setting f i achieves the greatest possible expected rate of return which we compute [6] 
where RFR is the risk-free return and CR is the return charged by the market makers as commission. The model-dependent part of this return, lets call it model risk return, is given by
The useful fact about our construction is not that we arrived at some model risk measure. Connection of MRR with relative entropy makes it an obvious choice anyhow. The real benefit comes from using quantitative structuring. Now we can judge materiality of model risk in an economically meaningful way. Indeed, if ER turns out to be smaller than the risk-free return for the same investment period, ER < RFR, then we know we are safe. Indeed, noone would set up a risky investment with expected rate of return that is below risk-free. This is equivalent to demanding that MRR < CR.
In the above example we looked at model risk associated with the quality of calibration. Just as easily, we can investigate model choice or model implementation issues: in the former case m i and b i would be alternative models while in the latter case these would be different implementations of the same model.
The scope of testing is controlled by the definition of the underlying variables and the buckets over which the summation in (17) is performed. For example, in implementation testing of local volatility models, we would want to cover European as well as barrierbased derivatives, so we would need to look at a variable containing terminal and extreme values of the underlying. The granularity of the buckets would capture the granularity of the market -the more developed the market (number of strikes traded) the more buckets we would need the greater MRR would be and the greater standards we would then have to satisfy to guarantee absence of model risk.
Connection of MRR to relative entropy, which has the same mathematical roots as Kelly's game-theoretic interpretation of entropy [5] , means that MRR is zero if and only if b i and m i are identical, so every difference from tiny numerical imperfections to conceptual differences in fitting the markets are captured. These observations considerably simplify and expand coverage of the industrial practices on model testing [6] .
Model design
Having seen how our approach can be used for measuring model risk we should not be surprised to learn that it can also give us practical advice regarding the mathematical structure of financial models. Among the above examples the one on index design, Eqs. (7-15), is best suited to illustrate this point. In this section we consider an alternative way of deriving the same index. In doing so we bring into our discussion some of the most common assumptions of quantitative finance.
Recall that our index investor was looking to express his views by using a drift of a stochastic process (see Eqs. (8-9)). Note that Eq. (1) can be interpreted as a change of measure: from market-implied to investor-believed. In this language, the growth-optimal payoff becomes the Radon-Nikodym derivative and Girsanov theorem tells us explicitly how to compute the payoff as a function of investor-believed change in the drift. We skip the details of the derivation as it is clear that it would lead us to the same index.
Imagine now that we try to generalize the index for, say, volatility trading. An interesting observation emerges: the simple logic of Eqs. (7-15) turns out to be much more powerful than the measure-theoretic approach which we just introduced as an alternative. Indeed, rewrite of Eqs. (7-15) on the account of different volatilities or even entirely different probability densities (not necessarily Gaussian) is a simple exercise in calculus. By contrast, going via Girsanov theorem, we find that change in drift is all that we can ever do.
To put it simply, by choosing to use Gaussian processes and by using sophisticated measure theory to reach a mathematically pleasing but otherwise dubious continuum limit we put ourselves in a really tight corner: either we get divisions by zero (think about Radon-Nikodym for non-equivalent measures) or we loose the ability to justify trading of anything other than drifts. This argument points to a serious contradiction between popular modelling techniques, such as applications of Girsanov theorem in finance, and the reality of markets where volatility trading is commonplace.
Traditionally, such contradictions have been mediated by introducing additional factors most notably jumps. Indeed, it is now very difficult to find an area of finance or even a reasonably popular model for which there has been no attempt to add jumps. Sometimes, of course, jumps can be an indispensable concept. More than often, however, jumps are used as yet another abstract way of making abstract models a little less abstract.
As has been famously noted by Nassim Taleb, mathematical finance is unique among practical disciplines in its ability to produce theorems with no connection to reality. As we are unlikely to change this fact any time soon, we need tools for checking practical consequences of frequently used mathematical patterns. Because our approach is rooted in product design we can check if any assumptions contradict obvious trading strategies.
Discussion
What makes a theory useful? Why do we teach our kids theories such as Newtonian Mechanics or Darwinian Evolution even despite the well known factual contradictions?
The reason is that each of these theories contains a powerful observation, a paradigm which greatly simplifies and facilitates understanding. For example, the famous Newton's law, F = ma, is nothing but a definition of a quantity which Newton decided to call "force". Mathematically speaking, it is a triviality. Where is the breakthrough, where is the insight? -we might ask. The insight is in the fact that thinking in terms of forces greatly simplifies our understanding of many physical phenomena. So much so, that the greatest achievements of Newton are now accessible to school children. Similarly, Darwin's observation of natural selection gives us a thinking paradigm, a concept which makes the living world much easier to understand.
What does any of this philosophy have to do with finance? The answer is -everything. Rebuilding finance as a proper scientific discipline requires, first and foremost, identification of concepts that make the subject easier. All other virtues such as numerical accuracy will follow in due course. Mathematical sophistication should be introduced gradually and with a great deal of caution. We should remember that sophisticated mathematics is not the goal of finance -our goal here is to make good products. Sophisticated mathematics is in fact a price we pay to achieve things (in all areas of science) and, unfortunately, poor understanding is often the real reason why we agree to pay this price.
The processes of learning and rational investment are intimately connected. In [1] we observed this connection as a relationship between optimal investment structures and the likelihood functions which underpin investment research. In this paper we demonstrated through a number of examples that thinking in terms of likelihood functions, and in particular using Eq. (1), greatly simplifies structuring of investment products.
Our attempt for better understanding of investment structuring was rewarded by a significant quantitative advantage. This allowed us to address three fundamental problems of structuring: view differentiation, view integration and view extrapolation. We also found an easy way of judging materiality of model risk and learned that product and model designs form related disciplines.
In the next paper we return to our core task of product structuring and further strengthen our arguments by considering a large class of investors.
